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ABSTRACT

For paddock input decisions, we study shared spatial changes in nitrogen effects on yield, protein and biomass, and establish when the experiment can distinguish them. Constant
effects remain unrestricted. This study uses observed yield and simulated protein and biomass, and controlled simulations to test methods to assess estimation and uncertainty. Shared
directions can remain identifiable even when individual coefficients are not.

6 Shared structure

B=WA

1 Multivariate spatial data
rank(B) < 2

Each location has a nitrogen rate N and
three responses Y : yield, protein and
biomass. How does the effect of nitrogen
on these responses vary across the field,
and which changes do they share?

at most two shared patterns

B is a 3 x 3 matrix: one row per outcome, with b,, b, and b, as its columns. The
weights a below combine the basis functions into shared patterns f, and f,.

N . s 1, Yield
P> Y, Protein

S>> 1 Biomass The three outcome effects can vary together in at most two independent spatial

N Nitrogen patterns.

Here we choose two for illustration. For real data, compare predictions on plots or
spatial blocks left out of fitting.

2 Variation subspace
ai11hq(8) + ajahy(s) +aqshs(s) = f1(s)

Wsp = span{3(sy) — B(s{) : 81,89 € D}

Let B(s) contain the three nitrogen effects
at location s in field D, per kg/ha N. We
assume a linear response and measure
effects in response standard deviations.

S1

B(s;) - p(sq)

Yield i) -0.0026
B 0.0100

+0.0001

Comparing any two locations s, and s,
gives a vector of effect differences. W,
collects their independent directions across
response effects. Constant effects give

zero, and add nothing to W, . Protein

7 Constrained maximum likelihood

Biomass

arg min |V — pu|? rank(B) < 2

noise’
AO B

uw=X,Al + ZBT

Predict responses from the weights

3 Basis functions

B(s) =by + bihy(s) + byho(s)+ bshs(s)

chosen basis functions and their weights

Objective to minimise

We estimate b,, b, and b, in B, together with the background weights A4,, including b,.
The left equation uses these weights and known inputs X, and Z to predict all three

responses at every location.

We choose the weights that minimise the objective on the right. It adds up squared
differences between measurements Y and predictions p, accounting for spatial and
response correlation. B must have rank at most two.

constant effects

Constant
For the simulated example, model varying
nitrogen effects with three basis functions:
a tilt h, and Gaussian patches h,, h;. Tilt

We then fit weights b, b,, b; and hy(s)
constant effects b, from the data. Each b
contains one weight per outcome.

With fixed separable Gaussian noise, singular value decomposition (SVD) gives the
exact maximum-likelihood solution [2,3].

Broad Gaussian
This defines the possible treatment-effect h,(s)
surfaces. The data determine their

weights.

8 Final mix
Narrow Gaussian
hs(s)

B(s) = by + wy f1(8) + wq f5(s)

by

Full yield effect

y

4 Observation model

+
Wy1 f1(s)

NiB(s;) + & +

N x effect .

Vs T

outcomes at s;

background noise Wy, f5(s)

Z 1s the known nitrogen x basis table, with one row per location and one column per Rewrite fitted B using a and w,, w,; each w

Protein

I Analytics for

basis function.

X, holds known background inputs (e.g. topography and spatial trends), plus a column

N for the constant effect b,
N Rate x Basis function

N; (kg/ha) hq(s;) Zi

S1 0.0 -0.1042

S, 131.5 X 0.5417 3 71.23
Z’s columns have weights b,, b, and b,. The table shows two entries from column 1.

5 lIdentifiability

|dentifiability asks whether the trial can distinguish nitrogen-effect patterns from
background effects. We check which shared response directions remain
distinguishable after accounting for that background.

If every location gets the same nitrogen rate, does a patch of high yield reflect
background fertility or a stronger nitrogen effect? Applying different nitrogen rates
across the field can help separate them.
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has one weight per outcome.

Add each outcome’s two pattern shares to Biomass

its constant effect.

e
-0.010 0

Fitted effect minus its value at s, (response SD per kg/ha N)

+0.035

9 Simulation checks

GLS limit

1 pattern 1 3 38%
2, equally strong 2 3 14% 96%
2, second 3% as strong 2 3 5% 88%
400 datasets per row; our fit is given the true rank. GLS (generalised least squares)
uses the same basis and spatial noise model. Gain: lower mean RMSE against the

true centred effect maps, versus GLS. Coverage: % of our 95% bootstrap regions
containing the true subspace.

Our limit RMSE gain Coverage

90%

True patterns
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